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13.3 Transformation of a Gaussian Beam by a Lens 449

the transformation of Gaussian beams by lens. Such equations are expected to
describe the size of the waist behind a lens or its location relative to the lens.
Similarly, equations that describe the oscillation of Gaussian beams inside la-
ser cavities are needed for cavity design. Although the formation of Gaussian
beams in a resonator logically should be considered before examining beam
transformation by lenses, the latter information is needed to analyze the cavi-
ties and will therefore be presented next.

13.3 Transformation of a Gaussian Beam by a Lens

The beam parameter g(z) (eqn. 13.12) and the phase-shift parameter P(z)
(eqn. 13.15) fully characterize Gaussian laser beams. Therefore, the propaga-
tion of a laser beam through optical media, or its transformation by lenses or
mirrors, can be generally modeled by evaluating g(z) and P(z) at the input and
output planes of an optical element. However, .in the absence of absorption
losses (or gain), the real and imaginary coniponents of the complex beam pa-
rameter g(z) can be.used to fully specify P(z) (see Problem 13.2). Therefore,
the propagation through nonlossy media can be described by simply evaluating
g(z) at each point. Similarly, transformation by an optical element, such as a
lens, can be described by evaluating g, and gq,, the beam parameters at the in-
put and output planes of that element (Kogelnik 1965a). The relation between
g, and g, for such transformation must then be specific to that element. Beam
propagation through a train of optical elements and through the separating
media between them can be described by applying consecutively the transfor-
mation function of the various elements.

The transformation of radiation by optical elements can also be analyzed
by geometrical optics, where the paths of geometrical rays is drawn. Therefore,
it can be expected that some of the techniques of geometrical optics will also be
applicable to the analysis of propagating laser beams. In particular, the method
of ray transfer matrices (Section 2.8) is adopted here to describe the transfor-
mation of Gaussian beams by lenses and mirrors. This method is extremely
useful for describing the transformation by several consecutive elements or an
oscillation between the mirrors of a laser cavity. Similarly to geometrical op-
tics, each element will be described by a 2 X 2 matrix (Figure 13.5). However,
unlike geometrical optics, where the matrix is used to compute r and r’ (eqn.
2.17), here it will be used to calculate the real and imaginary components of g,
in terms of the two components of g,.

To develop the equation for the transformation of a Gaussian beam by a
lens, consider first as an analogy the transformation by a lens of a spherical
wave with a radius of curvature R,. The curvature is defined as positive if it is
concave when viewed from the left side of the front. For radiation emitted by an
ideal point source, this curvature for propagation to the right is simply the dis-
tance to the source R, = 5. After being focused by a lens of focal length f, the
wave is transformed into a new spherical wave with a curvature —R; propagat-
ing toward a point at a distance s, = —R; away. Therefore, by replacing s, and

.
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Figure 13.5 Schematic presentation of a transforming optical element, showing &
the ray and beam parameters at the input and output planes and the ray transfer
matrix of that element.

sy with R, and —R,, the lens equation (eqn. 2.10) can also be used to describe 2
the curvatures of the incident and transmitted beams: i

(see Problem 13.3).

A more general expression that describes the transformation of a spherical
wave by any optical element can be obtained by assuming that, for paraxial
propagation, R = r/r’. Since r, and r; at the output plane of an optical element g
can be calculated by the ray transfer matrix when ryand r{ are known, the cur- i f
vature of the spherical wave at the output plane can also be determined by that .
matrix from the curvature in the input plane. It-can be shown (Problem 13.3) R
that, for paraxial propagation through an optical component with ray transfer F i
matrix elements A, B, C, and D, the transformation of a spherical wave is A !

AR, +B &
2= m (13.27)

(Kogelnik 1965a).
To extend this result for the analysis of Gaussian laser beams, consider

the transmission of a Gaussian beam by a thin, nonabsorbing lens. The beam
parameter at the input plane of the lens (eqn. 13.12) is

1 1 . A

f,
a1 R 7I'W|2

For a thin lens, the radius of the beam immediately past the lens is Wy = W,, and

the only effect of that lens on the beam is to transform its radius of curvature £ ‘
from R, to R,: &
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13.3 Transformation of a Gaussian Beam by a Lens 451

Thus, similarly to the transformation of spherical waves by a lens, the trans-
formation of the beam parameter by a lens is

—_— =, (13.28)

Although the analogy between the beam parameter q and the radius of curva-
ture of the wavefront R was shown here only for a transformation by a thin
lens, it was generalized (Kogelnik 1965b) to describe transformation by arbi-
trary elements. For an optical component with ray transfer matrix elements
A, B, C, and D, the transformation of the beam parameter similar to (13.27) is:

_Aq|+B ) .
a=FR. R (13.29)

This is the ABCD law. It has been demonstrated tb accurately describe paraxial
propagation of Gaussian beams through optical elements of interest, including
thick lenses, spherical mirrors, and media with varying refraction indices.

To illustrate the utility of the ABCD law for deriving the transformation by
elements other than a thin lens, consider the propagation through a distance z
in free space. The matrix elements for this propagation are 4=1, B= z, C=0,
and D =1 (Table 2.1). After inserting these elements into (13.29), the follow-
ing transformation of g, is obtained:

] q:=q,+z. (13.30)

; Although this is not a new result (compare it to eqn. 13.6), it demonstrates that
ﬁ the ABCD law is not restricted to transformations by thin elements.

: The ABCD law can also be used to describe the propagation of a Gaussian
beam from its waist where its radius is w, to a lens located a distance d, away,
through that lens and then to the new waist a distance d, away, where the radius
is w, (Figure 13.6). When modeled by ray transfer matrices, this transformation

Y

- d.' :I: dz

Figure 13.6 Transformation of a Gaussian beam by a lens.
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