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Section 6.4 Methods to Characterize and Address Variation 

6.4 METHODS TO CHARACTERIZE AND ADDRESS 
VARIATION 

105 

In this section we briefly examine the methodologies used to understand and address 

process variations such as those presented in the previous section. Many of these 

approaches are built on statistical modeling and mathematical optimization methods; 

however, in this section we seek only to overview these approaches, and other references 

should be consulted for mathematical details. Key elements of statistical circuit analysis 

overviewed here are (a) extraction of statistical device models; (b) sensitivity analysis to 

estimate the effect of variation sources; (c) worst-case methods to more carefully limit 

and study variation concerns in circuit designs; and (d) spatial modeling and mismatch 

analyses. 

6.4.1 Statistical Device Models 

From the perspective of circuit design, the parameters P, which characterize a 

process, are often the model parameters required to perform circuit simulation. 

Internal to a circuit simulator, the model parameters are used to express the dependence 

between quantities such as current, charge, and voltage. A simple example of a device 

model is the Spice Level-I MOSFET model: 

(61) 

W 2 
Ids = µC0x L _ AL ( Vgs - V,h) for O < Vgs - V,h < V ds 

for which P = { W, L, V,h, µ, AL, C0 x}- Many of these quantities are not directly mea

surable and must therefore be inferred from measurements of Ids versus Vgs and V ds· 

This inference process, called model parameter extraction is usually performed using a 

nonlinear least squares analysis (e.g., see [1] Chap. 6). Due to the fact that the model is 

only an approximation to reality, and because the minimization is performed with finite 

tolerances, the parameter estimate derived is subject to error. 
In addition to a nominal model fit, we need to characterize variations in P. This 

may be done by measuring a number of devices, performing parameter extraction on 

each set of measurements to get a population of parameters P, and using the population 

to estimate the statistics of P. 1 Based on these statistics, large numbers of hypothetical 

cases can be simulated to study the resulting variation in performance. Numerous 

difficulties in this approach exist, including computational costs, data collection 

requirements, and potentially large errors in performance estimates due to propagation 

of systematic device model fitting errors. 
The difficulty and high cost of getting reliable and accurate statistics for the model 

parameters result in a situation where (1) the parameter statistics are not updated often 

to reflect changes and maturation in the fabrication process; and (2) there is often a 

large incentive to use analysis and design methods that are less sensitive to the detailed 

1 There are a number of other approaches to solving this problem; see, for example [3], [8]. 
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106 Chapter 6 Models of Process Variations in Device and Interconnect 

statistics of P, hence the extensive use of worst-case analysis techniques (which we will 
discuss below). Nevertheless, a large number of other analysis techniques have been 
tried with various levels of success. More information on the various alternative statis
tical analysis techniques can be found in [20], [14], and [4]. 

6.4.2 Sensitivity Analysis 

In some cases, it is easier to characterize one set of parameters (perhaps related to 
geometric variation) than the resulting electrical or simulation model parameters. In 
such cases, one is concerned with the transmitted variability or propagation of variance 
from one parameter P through to another parameter Q, by way of a known analytic or 
numeric function/, where Q =J(P). 

In the case where J can only be evaluated numerically (e.g., in understanding the 
impact of some process variation such as an anneal temperature on resulting geometric 
structure), monte carlo or other sampling methods are often utilized [13]. In many 
cases, however, a simple sensitivity analysis approach is used through a first-order 
expansion of some analytical function J relating P and Q: 

Q+AQ =f(P+AP) 

AQ~ IZIAP (6.2) 

where AP and AQ are typically considered to be the standard deviations of parameters 
P and Q. While many functions do not preserve normality, it is often assumed that the 
small deviations of AQ can also be approximated by a normal distribution, so that the 
variance propagation is approximated as a~ ~ (of/ 8P) 2 a~. Given approximate var
iance values for some set of process variations, the resulting first-order electrical impact 
of the variations on device or canonical circuits is often derived and compared for 
different circuit, layout, or other design rule options (as, for example, in Section 6.5.2). 

6.4.3 Worst-Case Analysis 

The various components of Pare usually correlated. For example, Fig. 6.3 shows a 
representative distribution of four MOS transistor model parameters from a modern 
0.25 µm process. The correlation structure of P is thus required for accurate statistical 
analysis. Ignoring the correlation, i.e., assuming it is zero, leads to statistical perfor
mance estimates which are in reality extremely improbable and are overly pessimistic. 
Principal component analysis [12] is often used to transform highly correlated process 
parameters to a smaller set of uncorrelated parameters to simplify statistical design 
analysis. 

The most common method for analyzing the implications of random and corre
lated variations is worst-case analysis [4]. Consider a circuit performance z (e.g., 
clock speed) that is a function of model parameters P, expressed as z = J(P). Due to 
variations in P, the performance z is a random variable. The goal of worst-case analysis, 
like all other forms of statistical design analysis [14], is to determine a measure of 
goodness or quality of the design. The ideal such measure is the yield of the design, 
which is defined as the proportion of circuits that meet the specifications. Since com
puting the function/ typically involves performing a computationally expensive circuit 
simulation, computing the yield directly is very expensive. Worst-case analysis is the 
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