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SAMPLING OF
CONTINUOUS-TIME SIGNALS

4.0 INTRODUCTION

Discrete-time signals can arise in many ways, but they most commonly occur as repre-
sentations of sampled continuous-time signals. It i1s remarkable that under reasonable
constraints, a continuous-time signal can be quite accurately represented by samples
taken at discrete points in time. In this chapter we discuss the process of periodic sam-
pling in some detail. including the phenomenon of aliasing, which occurs when the
signal 1s not bandlimited or when the sampling rate is too low. Of particular impor-
tance is the fact that continuous-time signal processing can be implemented through a
process of sampling, discrete-time processing, and the subsequent reconstruction of a
continuous-time signal.

4.1 PERIODIC SAMPLING

Although other possibilities exist (see Steiglitz. 1965: Oppenheim and Johnson, 1972).
the typical method of obtaining a discrete-time representation of a continuous-time
signal is through periodic sampling, wherein a sequence of samples, x[n], is obtained
from a continuous-time signal x.(7) according to the relation

x[n] = x(nT). —00 < h < 0C. (4.1)

In Eq. (4.1). T is the sampling period, and its reciprocal. f, = 1/T. is the sampling
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x.(1) x[n)=x.(n7) Figure 4.1 Block diagram
1 representation of an ideal
! continuous-to-discrete-time (G/D)
1 converter.

frequency, in samples per second. We also express the sampling frequencyas Q, = 2n/ T
when we want to use frequencies in radians per second.

We refer to a system that implements the operation of Eq. (4.1) as an ideal
continuous-to-discrete-time (C/D) converter, and we depict it in block diagram form
as indicated in Figure 4.1. As an example of the relationship between x.(¢) and x[n],
in Figure 2.2 we illustrated a continuous-time speech waveform and the corresponding
sequence of samples.

In a practical setting, the operation of sampling is implemented by an analog-to-
digital (A/D) converter. Such systems can be viewed as approximations to the ideal
C/D converter. Important considerations in the implementation or choice of an A/D
converter include quantization of the output samples, linearity of quantization steps,
the need for sample-and-hold circuits, and limitations on the sampling rate. The effects
of quantization are discussed in Sections 4.8.2 and 4.8.3. Other practical issues of A/D
conversion are electronic circuit concerns that are outside the scope of this text.

The sampling operation is generally not invertible; i.e., given the output x[n],
it is not possible in general to reconstruct x.(¢), the input to the sampler, since many
continuous-time signals can produce the same output sequence of samples. The inherent
ambiguity in sampling is a fundamental issue in signal processing. Fortunately, it is
possible to remove the ambiguity by restricting the input signals that go into the sampler.

It is convenient to represent the sampling process mathematically in the two stages
depicted in Figure 4.2(a). The stages consist of an impulse train modulator followed
by conversion of the impulse train to a sequence. Figure 4.2(b) shows a continuous-
time signal x.(¢) and the results of impulse train sampling for two different sampling
rates. Figure 4.2(c) depicts the corresponding output sequences. The essential difference
between x, (1) and x[n] is that x;(¢) is, in a sense, a continuous-time signal (specifically,
an impulse train) that is zero except at integer multiples of 7. The sequence x[n], on
the other hand, is indexed on the integer variable n, which in effect introduces a time
normalization; i.e., the sequence of numbers x[n] contains no explicit information about
the sampling rate. Furthermore, the samples of x.(¢) are represented by finite numbers
in x[n] rather than as the areas of impulses, as with x;(r).

It is important to emphasize that Figure 4.2(a) is strictly a mathematical represen-
tation that is convenient for gaining insight into sampling in both the time domain and
frequency domain. It is not a close representation of any physical circuits or systems
designed to implement the sampling operation. Whether a piece of hardware can be
construed to be an approximation to the block diagram of Figure 4.2(a) is a secondary
issue at this point. We have introduced this representation of the sampling operation
because it leads to a simple derivation of a key result and because the approach leads to
a number of important insights that are difficult to obtain from a more formal derivation
based on maninulation of Fourier transform formulas,
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